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ABSTRACT
A new window is opening in high-energy astronomy: X-ray polarimetry. With many missions
currently under development and scheduled to launch as early as 2021, observations of the X-
ray polarisation of accreting X-ray pulsars will soon be available. As polarisation is particularly
sensitive to the geometry of the emission region, the upcoming polarimeters will shed new light
on the emission mechanism of these objects, provided that we have sound theoretical models
that agree with current spectroscopic and timing observation and that can make predictions
of the polarisation parameters of the emission. We here present a new model for the polarised
emission of accreting X-ray pulsars in the accretion column scenario that for the first time
takes into account the macroscopic structure and dynamics of the accretion region and the
propagation of the radiation toward the observer, including relativistic beaming, gravitational
lensing and quantum electrodynamics. In this paper we present all the details of the model,
while in a companion paper, we apply our model to predict the polarisation parameters of the
bright X-ray pulsar Hercules X-1.
Key words: X-rays: binaries – accretion, accretion discs – polarisation – pulsars: radiation:
dynamics – relativistic processes – scattering
1 INTRODUCTION
Accreting X-ray pulsars are highly magnetised neutron stars that
live in a binary and accrete material from a companion star. The
material, mostly ionised hydrogen, becomes unbound from the com-
panion (either because the star exceeds its Roche lobe, or because
of strong winds) and becomes gravitationally bound to the neutron
star. As thematerial gets closer to the compact object, it forms an ac-
cretion disk, and when it reaches the surface of the neutron star, the
kinetic energy of the accretion flow is converted into X-ray emis-
sion. The pulsating nature of the X-ray emission was interpreted
quickly after their discovery (Giacconi et al. 1962, 1971; Tanan-
baum et al. 1972) as resulting from the channelling along magnetic
field lines of accretion gas onto the magnetic poles of the neutron
star (Amnuél’ & Guseinov 1970; Pringle & Rees 1972). However,
it was immediately clear that the high pulse fraction detected was
impossible to explain merely by the presence of isotropically emit-
ting hot spots on the surface of the rotating neutron star, and that a
strong beaming of the radiation was required (Gnedin & Sunyaev
1973). A possible beaming mechanism is naturally provided by the
presence of a strong magnetic field: the cross-sections of the ele-
mentary processes of interaction between radiation and matter have
a strong dependence on the angle between the magnetic field and
the propagation direction of the photons, and at small angles with
respect to the direction of the magnetic moment one can see deeper
in the atmosphere. If the kinetic energy of the in-falling material is
? E-mail: ilariac@caltech.edu
deposited deep in the atmosphere, then the emission from the hot
spots will have a characteristic “pencil” beam pattern (Gnedin &
Sunyaev 1973; Daishido 1975; Basko & Sunyaev 1975). An alter-
native model invokes the presence of a radiative shock above the
surface of the neutron star, in which the in-falling gas is slowed
down considerably by radiation before reaching the surface and an
accretion column is formed above the magnetic pole in which the
ionised gas is slowly sinking. In this second scenario, the photons
escape from the walls of the column and the emission has a “fan”
beam pattern (Davidson & Ostriker 1973; Basko & Sunyaev 1976;
Burnard et al. 1991; Becker & Wolff 2007). Due to the low resis-
tivity, the depth to which the plasma penetrates into the dipole field
is small compared to the magnetospheric radius, and the accretion
channel could be similar to a thin wall of a funnel with a large
radius or a solid, axisymmetic column with a small radius. Both
the hot-spot and the column scenario could be present in different
pulsars, and the discriminant is thought to be the X-ray luminosity:
for low luminosity, the gas can free-fall all the way to the surface of
the star, creating a hot-spot, while above a critical luminosity, radi-
ation pressure is able to slow the gas above the surface, and hence
the column is formed (Basko & Sunyaev 1976). In a recent work,
Mushtukov et al. (2015a) demonstrated that the critical luminosity
is a non-monotonic function of the magnetic field strength (see also
Mushtukov et al. 2015b), while Doroshenko et al. (2017) detected
what could possibly be a transition between the two geometries
in the accreting pulsar V 0332+53. In this work, we focus on the
accretion column scenario.
The continuumX-ray emission of accreting X-ray pulsars is of-
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ten described by phenomenological models, including an absorbed
power law extending up to ∼ 100 keV with a roll-over at ∼ 30 − 50
keV or a broken power law (Orlandini 2006; Farinelli et al. 2016).
Several attempts have been made to develop spectral models that
link the X-ray emission to the accretion physics (Davidson & Os-
triker 1973; Mészáros & Nagel 1985a,b; Yahel 1980; Nagel 1981a;
Kii 1987; Klein et al. 1996), but the modelling is complicated by
the fact that the accretion regions are radiation-dominated, which
means that the radiation transfer is coupled with the hydrodynam-
ics of the flow; by the presence of a relativistic bulk motion in the
in-falling gas, which in turns makes the modelling of Compton up-
scattering more difficult; and by the strong magnetic field, which
changes all the cross sections for scattering and absorption. All
these complications should be addressed self-consistently and the
study of the polarisation parameters should be tailored to the spec-
tral formation model. The polarisation of X-ray photons provides
two additional observables, polarisation degree and angle, which
are extremely sensitive to the geometry of the emission regions and
to the structure of magnetic fields, and can therefore be a powerful
tool to understand X-ray pulsars.
Among these attempts of calculating the spectral formation
from a physical accretion model, Kaminker et al. (1982), Nagel
(1981a,b), Meszaros et al. (1980) Mészáros & Nagel (1985a,b),
Kii et al. (1986) and Kii (1987) have addressed the problem of
polarisation. These models solve the problem of radiative transfer
separately for the two polarisation modes (parallel and perpendicu-
lar to the magnetic field) and therefore calculate at the same time the
flux and the polarisation degree of the emitted radiation. Their cal-
culations assume a static, homogeneous atmosphere (with constant
density, temperature and magnetic field) and two possible geome-
tries: a slab, with the magnetic field perpendicular to the surface,
and a column,with the field parallel to thewalls. In order to calculate
the spectrum of the outgoing polarisation, they solve the approxi-
mate radiative transfer equations separately for the two polarisation
modes following the so-called Feautrier method (Mihalas 1978), in-
cluding vacuum, thermal and incoherent scattering effects. In these
models, photons are mainly produced by thermal bremsstrahlung,
and the polarisation of the X-ray signal is driven by the difference in
opacities between the two polarisation modes. However, the models
do not include relativistic effects and assume a static atmosphere,
even though the ionised plasma is expected to reach the surface of
the neutron star at a considerable fraction (up to ∼ 0.5) of the speed
of light. Moreover, the spectral shape obtained (Mészáros & Nagel
1985a, for example) fails to describe the more recent observations
of luminous X-ray pulsars (e.g. Wolff et al. 2016), especially the
flattening of the spectrum at low energies.
The model of spectral formation developed by Becker &Wolff
(2005, 2007), hereafter the B&W model, has been the most suc-
cessful at reproducing the observed phase-averaged spectra from
accreting X-ray pulsars starting from an analysis of the accretion
physics. In their model, which considers the emission from an accre-
tion column in the “fan beam” context, the directional dependence
of electron scattering is treated in terms of mode-averaged cross
sections, and therefore the problems of polarisation and of radiative
transfer are considered separately, and no information is given on
the polarisation of light. The model, however, calculates for the first
time theX-ray spectrum from the solution of a coupled radiation and
hydrodynamic transport equation, and predicts a spectrum that fits
very well the observed profiles and provides insights on the physical
properties of the accretion flow, such as the width of the column, the
temperature of the gas and the strength of the magnetic field. West
et al. (2017a,b) refined the B&Wmodel with the implementation of
a realistic dipole geometry, instead of using a cylinder with straight
walls, and a self-consistent treatment of the energy transfer between
electrons, ions, and radiation to calculate the temperature profile of
the electrons in the column.
Amodel that agrees with current observations and that predicts
the expected polarisation characteristics of accreting X-ray pulsars
is needed, as X-ray polarimetry will open a newwindow on compact
objects very soon. Several observatories with an X-ray polarimeter
on board are now at different stages of development: in the 1–
10 keV range, the NASA SMEX mission IXPE (Weisskopf et al.
2016), scheduled to fly in 2021, and the Chinese–European eXTP
(Zhang et al. 2016), launching in 2025; in the medium range, 5-30
keV, the Indian POLIX, scheduled for launch in 2021 (Paul et al.
2016; Veetil et al. 2011); in the hard-X-ray range, 15–150 keV,
the balloon-borne X-Calibur (Beilicke et al. 2014) and PoGO+
(Chauvin et al. 2018); and, in the sub-keV range, the narrow band
(250 eV) LAMP (She et al. 2015) and the broad band (0.2–0.8 keV)
rocket-based REDSox (Gaenther et al. 2017). In addition, the broad-
band 0.2-60 keV polarimeter XPP, still at the concept stage, will be
an incredible tool to study X-ray pulsars (Krawczynski et al. 2019;
Jahoda et al. 2019). Many of these missions will employ gas pixel
detectors, which have been recently used in PolarLight (Feng et al.
2019), a proof of concept polarimeter on board of a CubeSat that
was able tomeasure the X-ray polarisation of the CrabNebula (Feng
et al. 2020).
This is the first in a series of papers in which we present a new
model for the polarised emission of X-ray pulsars in the context
of the B&W model of spectral formation. Contrary to previous
models, who solve the radiative transfer equations separately for the
two polarisation modes (parallel and perpendicular to the magnetic
field), assuming that they stay distinct as the photons propagate
out of the column, we keep track of the full Stokes vector and we
calculate the polarisation parameters independently of the radiative
transfer solution. In this way, we can keep our calculation fully
analytical, and we can make predictions on the polarisation degree
and angle of the X-ray emission as a function of the geometry of
the system and of a few parameters that can be obtained by spectral
fitting in the context of the B&Wmodel.Wewill therefore be able to
simultaneously fit our model to the spectral and polarisation signals,
knowing that the spectral shape agrees with current observations.
Furthermore, our model includes the structure and dynamics of the
column and the propagation effects for the first time.
In § 2.1, we summarise the accretion geometry and spectral
formation that we assume in the context of the B&Wmodel.We then
explain the formalism at the base of our polarisation model (§ 2.2)
and the details of our calculations, in particular how we calculate
the polarisation state of radiation inside the column (§ 2.3), how we
include the effects of special and general relativity (§ 2.4 and 2.6)
and how we include the effect of vacuum birefringence (§ 2.7).
In § 3 we compare our results with earlier models and in § 4 we
summarise how the different effects affect the polarisation signal.
In the accompanying paper (Caiazzo &Heyl 2020b, hereafter Paper
II), we apply our model to predict the polarisation signal of the
X-ray pulsar Hercules X-1.
2 THE MODEL
Our calculations are performed under the assumption that accretion
occurs through the formation of one or two accretion columns at
the magnetic poles of the neutron star. In particular, we assume the
structure of the column to be as described in the B&W model, that
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Figure 1. The structure of the accretion column in the B&Wmodel (adapted
from Becker & Wolff 2007).
we introduce below. Our calculation of the polarisation parameters
is done independently of radiative transfer; however, the results
depend on the structure of the accretion column, specifically on
the radius and height of the accretion column, on the strength of
the magnetic field, on the velocity profile of the gas inside the
column and on the optical depth of the column. All these parameters
can be obtained by spectral fitting within the context of the B&W
model. Because this calculation is performed independently of the
radiative transfer, we calculate and present the relative intensity I as
a function of direction and polarisation, and the final step in fitting
the pulsed-averaged spectrum of a particular source using the B&W
model determines the normalisation of the intensity as a function
of energy.
2.1 The Becker and Wolff model
In their 2007 paper, Becker & Wolff (2007) proposed a new model
for spectral formation in luminous X-ray pulsars that quite suc-
cessfully reproduces the phase-averaged spectrum of bright X-ray
pulsars as Hercules X-1 (Her X-1). In the model, the ionised gas
accreted from the companion star is funneled inside a column at
the polar caps of the neutron star. The strong magnetic field keeps
the gas confined inside the column as in a “pipe”, which is however
transparent for radiation. Fig. 1 shows the geometry of the accretion
column: the ionised gas freely falls from the accretion disk along
the field lines to the top of the column, where the speed of the flow
is supersonic; inside the column, radiation pressure slows down the
gas until it comes to rest at the bottom of the column. Seed photons
in the column are produced by a combination of bremsstrahlung,
cyclotron and blackbody radiation, and are scattered by electrons
through Compton scattering. Blackbody photons are emitted by a
thermal mound at the bottom of the column, so that the mound’s
surface represents the photosphere for creation and absorption of
photons and the opacity in the rest of the column is given by electron
scattering only. Bremsstrahlung and cyclotron photons are emitted
throughout the column. The observed radiation comes from the
walls of the column, in a “fan beam”.
The B&W model compute the X-ray spectrum by solving
a radiation transport equation that includes both the effects of
bulk Comptonisation, for which photons are upscattered in energy
through a first-order Fermi energisation, and of thermal Compton-
isation. The upstream flow above the column is composed of fully
ionised hydrogen moving at supersonic speed, reaching about half
the speed of light at the top of the column. Inside the radiation-
dominated column, electrons slow down as they transfer energy to
the radiation field and stop at the stellar surface. Instead of using
the exact solution for the velocity profile derived by Becker (1998),
the authors use a particular form for the velocity profile that ap-
proximates the exact solution and also makes the transport equation
separable in energy and space:
v(τ) = −Aτ‖ (1)
where A is a constant and τ‖ is the optical depth in the direction
parallel to the column vertical axis (and the magnetic field). τ‖
increases vertically, and is equal to zero at the stellar surface (see
eq. 4 below). A is calibrated by equating the velocity at the sonic
point (which lies just below the top of the column) to the exact
velocity, which yields
A = 0.20
(
M∗
M
) (
R∗
10 km
)−1
ξ, ξ =
pir0mpc
ÛM(σ¯‖ σ¯⊥)1/2
(2)
where M∗ and R∗ are the mass and radius of the neutron star, r0 is
the radius of the column,mp is the mass of the proton, c is the speed
of light, ÛM is the accretion rate, and σ¯‖ and σ¯⊥ are the scattering
cross sections for photons travelling parallel and perpendicular to
the magnetic field, averaged over photon energy and polarisation
state. The dimensionless parameter ξ determines the importance of
the escape of photons from the accretion column in the radiation
transfer equation.
Since radiation pressure is dominant in the column, the dy-
namical structure of the flow is closely tied to the spatial and ener-
getic distribution of the radiation, making the coupled radiation-
hydrodynamic problem extremely complex. For this reason, in
B&W, the directional dependence of the electron scattering is
treated in terms of the constant, energy- and mode-averaged cross
sections σ¯‖ and σ¯⊥. In particular, σ¯⊥ is set to ≈ σT , the Thomson
cross section, while σ¯‖ is expressed in terms of the accretion rateÛM , the radius of the accretion column r0, and the dimensionless
parameter ξ. Both r0 and ξ are free parameters, recovered by fitting
the emergent spectrum. The expression used is given in eq. 83 of
Becker & Wolff (2007):
σ¯‖ =
(
pir0mpc
ÛMξ
)2 1
σT
, (3)
and the averaged cross section can be used to calculate the optical
depth in the vertical direction:
τ‖ =
ρσ¯‖
mp
z (4)
where z is the vertical coordinate with origin at the bottom of the
accretion column.
In B&W, σ¯‖ and σ¯⊥ are the cross section for photons propa-
gating in the parallel and perpendicular direction with respect to the
magnetic field, averaged over the polarisation modes. We do not use
these cross sections in our calculations, as we calculate the angle-
and energy-dependent cross sections for each mode, so this nota-
tion should not be confused with the cross sections for the parallel
or ordinary mode (σo) and for the perpendicular or extraordinary
mode (σx) that we introduce in § 2.2. We calculate the polarisation
signal independently of the radiation transfer calculated in the B&W
model; however, we assume the structure of the accretion column to
be as described in the B&Wmodel, and in particular, the parameters
that influence our results are the radius and height of the accretion
column, the strength of the magnetic field, the velocity profile of
MNRAS 000, 1–21 (2020)
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the gas inside the column and the optical depth of the column. This
information can be obtained in the context of the B&Wmodel from
the following parameters:
• the radius of the accretion column r0;
• the centroid energy at the observer of the cyclotron resonance
scattering frequency (CRSF) Ecyc;
• the dimensionless parameter ξ defined in eq. 2;
• the accretion rate ÛM;
Throughout the paper, we will show an example of our calculation
that employs the parameters obtained by fitting the phase-averaged
NuSTAR spectrum of for the accreting X-ray pulsar Hercules X-1
(Her X-1) by Wolff et al. (2016), specifically: r0 = 107 m, Ecyc =
37.7 keV, ξ = 1.36 and ÛM = 2.59×1017 g/s. In addition, we employ
a value of M∗ = 1.5 M for the mass and of R∗ = 10 km for the
radius of the neutron star and a distance to the source of D = 6.6 kpc
(Reynolds et al. 1997).
2.1.1 What is the height of the column?
The height of the accretion column zmax in the B&Wmodel is found
by equating the gas velocity at the top of the column to the local
free-fall velocity(
2GM∗
R∗ + zmax
)1/2
= cAτmax where τmax =
(
σ¯‖
σ¯⊥
)1/4 ( 2zmax
Aξr0
)1/2
(5)
And therefore
zmax =
R∗
2
[(1 + C1)1/2 − 1] where C1 = 4GM∗r0ξ
Ac2R2∗
(
σ¯⊥
σ¯‖
)1/2
.
(6)
Imposing the velocity profile to be equal to the free-fall velocity
at the top of the column translates into assuming that the radiative
shock extends to the entire column, where the electron velocity
smoothly changes from free-fall to zero, without any discontinuity.
A different assumption on the velocity profile or on the nature of the
shock can lead to a different height. For example, another possibility
for a stationary solution would be assuming that a strong, adiabatic
shock forms in a thin layer at the top of the column, where the
velocity of the flow is abruptly reduced, and that the flow is then
slowed down by radiation to a rest at the bottom of the column. In
an adiabatic, radiation-dominated shock, the velocity decreases by
at least a factor of seven (Becker 1998), and therefore in this case
we would impose the velocity at the top of the column to be 1/7 (or
less) of the local free-fall velocity instead of being equal:
1
7
(
2GM∗
R∗ + zmax
)1/2
& cAτmax (7)
which yields a smaller column. For the parameters used as an ex-
ample in this paper, eq. 6 yields zmax = 6.6 km, while eq. 7 yields
zmax . 1.4 km. These two assumptions give different results for the
polarisation parameters and pulse shape, as we will show § 4.
2.2 Polarisation from scattering in a strong magnetic field
The magnetic field at the surface of accreting X-ray pulsars is very
high, of the order of 1012−1013 G. Strong magnetic fields affect the
motion of electrons by forcing them to move mainly along the field
lines, and this tendency strongly alters the interactions between pho-
tons and electrons, including bremsstrahlung and scattering. In the
B&W model, the majority of the seed photons inside the accretion
column are generated by bremsstrahlung, and in the presence of a
strong magnetic field, bremsstrahlung photons below the cyclotron
energy are emitted with a sine squared distribution with respect to
the magnetic axis and mostly in the ordinary mode (or O-mode), i.e.
with the photon’s electric field oscillating in the plane that includes
the wavevector of the photon and the direction of the magnetic field,
because the emitting electrons are bound to oscillate along the mag-
netic field (Chiu & Canuto 1969; Simon 1969; Lauer et al. 1983).
However, as we will see in § 2.3, before exiting the column, photons
undergo many electron scatterings, which modify the polarisation
state and angular distribution of the emission. We here present a
formalism that will allow us to compute how the scattering of seed
photons by free-falling electrons in a strong magnetic field modifies
the polarisation state of radiation inside the accretion column.
Chou (1986) introduced a formalism based on the Stokes
parameters (I,Q,U,V) and on the Mueller calculus to describe
electron-scattering in the presence of a strong magnetic field. Fig. 2
shows the geometry of a single electron scattering: the incoming
photon’s direction is at an angle α with respect to the magnetic
field, which in the figure points along the Zˆ-axis, and the electron
lies at the origin of the axes. The electric field of the photon is
divided in two components: the component that lies in the same
plane as the incoming photon’s wave-vector and the magnetic field,
the X − Y plane, is the parallel component or E‖ , and the com-
ponent perpendicular to the plane is E⊥. In this frame, the Stokes
parameters of the photons can be written as:
I = E‖E∗‖ + E⊥E
∗⊥
Q = E‖E∗‖ − E⊥E∗⊥
U = E‖E∗⊥ + E⊥E∗‖
V = i(E‖E∗⊥ − E⊥E∗‖ )
(8)
After scattering, the photon will now propagate at an angle θ
with respect to the magnetic field direction and it will have acquired
an azimuthal component as well, indicated by the angle φ. The
Stokes parameters after the scattering can be written in terms of the
polar and azimuthal component of the electric field:
I ′ = EθE∗θ + EφE
∗
φ
Q′ = EθE∗θ − EφE∗φ
U ′ = EθE∗φ + EφE
∗
θ
V ′ = i(EθE∗φ − EφE∗θ )
(9)
In the Mueller calculus, the Stokes parameters after one scat-
tering, (I ′,Q′,U ′,V ′), can be expressed as a function of the incident
Stokes parameters (I,Q,U,V) in matrix form:
©­­­«
I ′
Q′
U ′
V ′
ª®®®¬ =
r2e
2D2
©­­­«
M11 M12 0 M14
M21 M22 0 M24
0 0 M33 M34
M41 M42 0 M44
ª®®®¬
©­­­«
I
Q
U
V
ª®®®¬ (10)
where re = e2/mec2 is the classical electron radius, e is the electron
charge, me is the electron mass, c is the speed of light and D is the
distance from the observer to the location of the scattering. The
matrix elements Mi j are functions of the direction of the incident
radiation with respect to the magnetic field (described by the angle
α), of the direction of the outgoing radiation (described by the polar
and azimuthal angles θ and φ with respect to the magnetic field
MNRAS 000, 1–21 (2020)
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Figure 2. Thompson scattering in a magnetic field. The magnetic field
direction is along the Zˆ-axis. The photon’s electric field component in
the the X − Z plane, the plane that includes the field and the wavevector
of the photon,k , is called E‖ , while the component of the electric field
perpendicular to the plane is called E⊥.
direction), of the energy of the photon and of the strength of the
magnetic field, and their full expressions can be found in Chou
(1986).
As we are interested in an axisymmetric configuration (an
accretion column) we can average over the azimuthal direction φ,
and therefore the matrix elements Mi j become:
M11 =
ζ2
2
(1 + x2)(cos2 α + 1)(cos2 θ + 1) + sin2 α sin2 θ (11a)
M12 =
ζ2
2
(1 + x2)(cos2 α − 1)(cos2 θ + 1) + sin2 α sin2 θ (11b)
M14 = − 2ζ2x cosα(1 + cos2 θ) (11c)
M21 =
ζ2
2
(1 + x2)(cos2 α + 1)(cos2 θ − 1) + sin2 α sin2 θ (11d)
M22 =
ζ2
2
(1 + x2)(cos2 α − 1)(cos2 θ − 1) + sin2 α sin2 θ (11e)
M24 = 2ζ2x cosα sin2 θ (11f)
M33 = 0 (11g)
M41 = − 2ζ2x(1 + cos2 α) cos θ (11h)
M42 = 2ζ2x sin2 α cos θ (11i)
M44 = 2ζ2(1 + x2) cosα cos θ (11j)
where x = ωc/ω is the ratio between the cyclotron frequency
ωc = eB/mec and the photon frequency ω, B is the magnetic field
and ζ = 1/(x2−1). After averaging over φ, we find that all thematrix
elements that involve U are equal to zero. We can therefore reduce
the matrix to a 3× 3 matrix where the third element corresponds to
the circular polarisation parameter V :
©­«
I ′
Q′
V ′
ª®¬ = r
2
e
2D2
©­«
M11 M12 M13
M21 M22 M23
M31 M32 M33
ª®¬ ©­«
I
Q
V
ª®¬ (12)
where the third position corresponds to the fourth position in eq.s 11,
i.e. M13 = M14 of eq. 11c, M23 = M24 of eq. 11f and so forth.
The angular dependence of the incoming and outgoing radia-
tion, as well as of thematrix elements, can be expanded in a series of
orthonormal functions in α and θ. As we mentioned above, the an-
gular distribution of the seed radiation inside the column is mainly
sin2 α for bremsstrahlung photons, and since the matrix elements
are only functions of cosα, cos2 α and sin2 α, and the same for
θ, the only important functions for the expansion are given by the
orthonormal basis
f1(α) =
√
15
4
sin2 α; (13)
f2(α) =
√
6
2
cosα; (14)
f3(α) = 5
√
3
4
(
cos2 α − 1
5
)
(15)
and the same ones for θ. We can write the Stokes vectors in this new
basis:
I = l1 × f1(α) + l2 × f2(α) + l3 × f3(α)
Q = l4 × f1(α) + l5 × f2(α) + l6 × f3(α)
V = l7 × f1(α) + l8 × f2(α) + l9 × f3(α)
I ′ = l ′1 × f1(θ) + l ′2 × f2(θ) + l ′3 × f3(θ)
Q′ = l ′4 × f1(θ) + l ′5 × f2(θ) + l ′6 × f3(θ)
V ′ = l ′7 × f1(θ) + l ′8 × f2(θ) + l ′9 × f3(θ)
where the angular dependence is carried by the basis functions, so
that the li are coefficients that depend on energy and magnetic field
but not on angles.We can thus rewrite the scatteringmatrix in eq. 12
as a 9 × 9 matrix in this new basis
©­­­­«
l ′1
l ′2
...
l ′9
ª®®®®®¬
=
r2e
2D2
©­­­­«
a1,1 a1,2 · · · a1,9
a2,1 a2,2 · · · a2,9
...
...
. . .
...
a9,1 a9,2 · · · a9,9
ª®®®®¬
©­­­­«
l1
l2
...
l9
ª®®®®¬
(16)
where the matrix elements are just functions of the energy and mag-
netic field through x and ζ , and the angle dependence is conveyed by
the f functions. In this way, we can efficiently compute the effects of
the scattering in the strong magnetic field on the seed radiation. The
relation expressed in eq. 16 is valid in the instantaneous rest frame
of the electrons; if the motion of the electrons is relativistic, we will
have to consider beaming effects. Also, we have not yet considered
any energy transfer between the electron and the photon, which we
will have to include in the case of Compton scattering.
From eq. 16, we can calculate the angle- and energy-dependent
cross sections for scattering for each polarisation mode by applying
the matrix to a polarisation vector completely polarised in the mode
under consideration and by averaging the emerging intensity over
the outgoing angle θ
σ = 2piD2
∫ −1
1
I ′(α, θ)d(cos θ) . (17)
In particular, it is interesting to focus on the ordinary mode (O-
mode) (I,Q,V) = (1, 1, 0), for which the incoming photon’s electric
field lies in the plane parallel to the magnetic field and the wavevec-
tor of the photon, the extraordinary mode (X-mode) (1,−1, 0), with
the electric field perpendicular to the magnetic field, and two per-
pendicular circular polarisation modes, that we identify with the
symbols + and −: (1, 0, 1) and (1, 0,−1). The corresponding cross
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sections are given by (see also Herold 1979):
σo = σT
[
sin2 α + cos2 α
x2 + 1
(x2 − 1)2
]
(18a)
σx = σT
x2 + 1
(x2 − 1)2 (18b)
σ+ =
1
2
σT
[
sin2 α +
(x2 + 1)(1 + cos2 α) − 4x cosα
(x2 − 1)2
]
(18c)
σ− =
1
2
σT
[
sin2 α +
(x2 + 1)(1 + cos2 α) + 4x cosα
(x2 − 1)2
]
(18d)
where σT is the Thomson cross section. The dependence on energy
and incidence angle of the different cross sections is shown in
Figure 3. They all seem to diverge at the cyclotron energy; however,
for x very close to 1, the energy transfer from photons heats up the
electrons and damping effects become important (Mészáros 1992).
The lower panel depicts both σx (black solid line) and σo (colour-
coded with α). At energies lower than the cyclotron energy, because
the electrons are forced to oscillate along the magnetic field axis,
the cross-section for the extraordinary mode, for which the electric
field is perpendicular to the magnetic field, is drastically reduced
with respect to the field-free Thomson cross-section, and the cross-
section for the ordinary mode (σo) diminishes for low α to become
equal to that of the extraordinary mode (σx) when α = 0, i.e. when
photons propagate along the magnetic field, as expected.
2.3 Polarisation state inside the column
As mentioned above, the majority of the seed photons inside the
accretion column are generated by bremsstrahlung, and therefore are
emitted mostly in the ordinary mode and with a sin2 α distribution
with respect to themagnetic axis (Chiu&Canuto 1969; Simon1969;
Lauer et al. 1983). Before exiting the accretion column, seed photons
are scattered by the in-falling electrons, and in each scattering, the
polarisation vector changes according to Eq. 16. In order to calculate
the average number of scatterings per photon, we need to calculate
the density profile in the column, which depends on the accretion
rate ÛM:
ÛM = pir20 ρ|v | = pir20 ρAτ‖c (19)
where ρ is the density of the gas and where we used Eq. 1 to express
the electrons velocity v. We can therefore calculate the optical depth
for photons travelling perpendicularly to the column axis, knowing
that the opacity is dominated by electron scattering:
τ⊥ =
r0ρσ¯⊥
mp
∼ r0ρσT
mp
=
ÛMσT
mppir0Aτ‖c
(20)
where we have employed the fact that the scattering cross section of
photons propagating perpendicularly to the magnetic field is close
to the Thomson cross section σT at all energies except very close
to the cyclotron energy, where it is even higher (see Figure 3). τ‖
increases in the vertical direction and is of the order 1 at the top of the
column. Employing the fitted parameters from Wolff et al. (2016),
we find that τ⊥ ∼ 500 at the top of the column, and therefore greater
than 500 throughout the column. This yields an average number of
scatterings per photon
Nsc ∼ τ2⊥ & 250, 000 . (21)
For Compton scattering, the energy transfer to the photon for a
single scattering is given by (Rybicki & Lightman 1986)
∆/ ∼ (γ2 − 1) . 0.15 (22)
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Figure 3. Dependence of the cross sections on the incidence angle α and
on the photon energy. σ+/σT (top) and σ−/σT (middle) are colour-coded
with respect to α. In the bottom panel, σx/σT , which does not depend
on the incident angle, is shown as the solid black line, while σo/σT is
colour-coded with respect to α and when α = 0, σo = σx .
where γ = 1/
√
1 − β2 is the Lorentz factor of the scattering centre,
the electron, andwe have used β ∼ 0.5, which is the free-fall velocity
of the electrons at the top of the column, and therefore the highest.
From the estimates in Eqs. 21 and 22, it is clear that an average
photon has to undergo many scatterings before it can escape the
column and that the energy transferred per scattering is very small.
In the final tens of scatterings, the energy of the photon is therefore
very close to its final energy, i.e. its energy when it finally manages
to escape from the column. Thus, during the final tens of scatterings
of each photon, the elements of the scattering matrix in eq. 16 will
remain approximately unchanged.
Multiplying a vector by the same matrix many times brings the
vector close to the matrix’s eigenstate with the largest eigenvalue,
unless the vector itself is in an orthogonal eigenstate. Depending on
the magnitude of the ratio between the largest eigenvalue and the
rest, this process takes relatively few interactions. It is easy to see
that, except for energies very close to the cyclotron energy, the largest
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eigenvalue of the scattering matrix is orders of magnitude larger
than the other eigenvalues. For this reason, we can safely assume
that, independently of the initial polarisation state of the photon,
its Stokes vector will be in the matrix’s predominant eigenstate just
after a few scatterings.
Therefore, the predominant eigenstate of the scattering matrix
in Eq. 16 represents the polarisation state of radiation inside the
column, in the rest frame of the electrons, regardless of the initial
polarisation parameters of the seed photons. In the left panels of
Figure 4 the Stokes parameters for the Comptonised radiation inside
the column are shown a as a function of energy and angle θ, which is
the angle with respect to the magnetic axis, zˆ. The results are shown
for θ < pi/2 and are specular for θ > pi/2. As expected, except for
very small angles, photons are always nearly linearly polarised in
the ordinary mode (positive Q) and the intensity peaks at θ = pi/2
for energies lower than the cyclotron energy (∼ 40 keV), because
the scattering centres are bound to oscillate along the magnetic
field, while photons around the cyclotron energy present a mixture
of extraordinary and circular polarisation. At the cyclotron energy,
photons propagating along the magnetic field (at small θ) have no
linear polarisation (the two linear polarisation modes are equally
perpendicular to the magnetic field), and have a strong circular
polarisation due to resonant cyclotron scattering (electrons can be
excited to the second Landau level). Photons near the cyclotron
energy propagating at θ ∼ pi/2, on the other hand, can resonantly
scatter only if in the X-mode, and therefore Q/I is equal to −1.
This picture represents the polarisation state of photons prop-
agating inside the column, but in order to find the average polari-
sation parameters of photons leaving the column, we have to take
into account the difference in the cross sections for the different
polarisation modes, and therefore the difference in the volume of
the optically thin region close to the walls of the column. Since the
cross section is much smaller, we expect the volume of the region
of last scattering for extraordinary photons to be much larger than
for ordinary photons, reducing the extent of linear polarisation at
all energies.
If we now indicate with (I,Q,V) the average polarisation state
inside the column and with (I ′,Q′,V ′) the polarisation of the out-
going radiation, we can write
Q = O − X (23)
where O and X are the intensities of the ordinary and the extraordi-
nary modes inside the column. The outgoing intensities will be
O′ = 1
2
(Q + I)V‖ (24)
X ′ = 1
2
(I −Q)V⊥ (25)
where Vi ∝ sin θ/σi is the volume of the region of last scattering
for each mode. We can therefore write the Stokes parameters of the
radiation coming out of the column as
I ′ = 1
2
(Q + I)V‖ +
1
2
(I −Q)V⊥ (26)
Q′ = 1
2
(Q + I)V‖ −
1
2
(I −Q)V⊥ (27)
V ′ = 1
2
(V + I)V+ − 12 (I − V)V− (28)
The right panels of Figure 4 show the average Stokes parameters
after the radiation has gone through the region of last scattering,
and therefore left the column. Comparing to the left panels, which
depict the polarisation state inside the column, we can see that the
linear polarisation is reduced at low energy even for high angles
because the low value of σx favours the emission of extraordinary
photons. Intensity is drastically lowered at high energies because all
the scattering cross sections become divergent close to the cyclotron
energy. For the same reason, radiation at the cyclotron energy is
completely unpolarised.
2.4 Relativistic beaming
The previous calculations were performed in the instantaneous rest
frame of the electrons. Electrons are flowing down the column with
a velocity that goes from about 0.5 c at the top to zero at the bot-
tom in the case considered here. For this reason, the emission from
the column, especially from the top, where most of the radiation
emerges, will be beamed. For higher luminosity pulsars, the radia-
tion pressure could slow down the in-falling gas at greater distance
from the surface, where the free-fall velocity of the electrons would
be lower. Beaming changes the emission angle and energy of the
photons and the total intensity of the radiation:
θ ′ = cos−1
(
cos θ − β
1 − β cos θ
)
(29)
E ′p =
Ep
γ(1 + β cos θ) (30)
I ′ = I
(
E ′p
Ep
)3
(31)
where we now indicate with a prime the quantities after beaming,
Ep is the energy of the photons, I is the specific intensity (i.e. per
unit energy), and β = Aτ‖ is the speed of the electrons divided by
the speed of light.
Figure 5 shows the effect of beaming on the angular distribution
of flux for β = 0.4 and for two photon energies, 1 keV and 27 keV:
radiation is strongly beamed toward the surface of the star (high θ ′).
The right panels of Figure 6 show the average Stokes parameters
after beaming, also for β = 0.4. Please notice that the angle θ ′ in
the colour bar does not go from 0 to pi/2, as in the previous plots,
but from 0 to the angle where the intensity peaks, at about 2.7
radians (see also Figure 5). The main effect of beaming is to shift
the angle where intensity peaks toward higher angles (and therefore
the radiation is beamed toward the surface of the star) and to move
the cyclotron absorption feature to higher energies at higher angles.
2.5 Total emission at surface
Because the optical depth is very high in the lower part of the col-
umn, most of radiation comes out from the top, where the beaming
is strongest. The relation between flux, τ‖ and z (vertical direction
coordinate along the column) is
L(z)
Ltot
=
(
z
zmax
)3/2
=
(
τ‖
τ‖max
)3
(32)
In order to integrate the emission from the column, we divide the
column in fractions of equal flux, where we calculate the beaming,
and sum all the contributions.
We first assume the presence of two columns at the two mag-
netic poles of the neutron star. We expect to see two columns if the
magnetic field has a bipolar structure, except if the field is stronger at
one pole, in which case the stronger pole would swipe the gas from
the accretion disk at a radius outside the reach of the weaker pole.
In this section, we assume an orthogonal rotator, with the magnetic
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Figure 4. Average Stokes parameters. The left panels depict the polarisation parameters of radiation inside the accretion column, while panels on the right
represent the polarisation after the photons have gone through the region of last scattering and left. The calculation does not yet include beaming effects. From
top to bottom: intensity I (arbitrary units), linear polarisation fractionQ/I and circular polarisation fractionV/I against the energy of the photons. The colour
code represents the angle with respect to the magnetic field θ.
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Figure 5. The effect of beaming on flux for β = 0.4 and different photon
energies. Solid blue line: flux, without beaming; solid orange line: flux, with
beaming. Left panel: photon energy 1 keV; right panel: photon energy 27
keV.
field always lying in the same plane with the line of sight. From the
orthogonal rotator, the results for any other rotational geometry can
be easily calculated (see Appendix B).
We are still focusing on the polarisation parameters at emission,
and therefore we do not yet include any gravitational lensing effects.
For this reason, the angle θ between the line of sight and themagnetic
field is also the phase (we will now abandon the prime). At any
phase, one column is at θ and one column is at pi − θ. Also, one
of the columns is entirely visible, while the other one is partially
covered by the star. If zmax is the height of the column, for each θ
the part of the back column that we see is given by
zmax − R∗
(
1
sin θ
− 1
)
≤ z ≤ zmax .
The radiation pattern with rotation phase that we obtain is
shown in the upper plots of Figure 7 for two photon energies, 1 keV
and 27 keV. The sudden rise in intensity at about pi/5 is due to the
fact that the top of the back column starts to be visible and that
the emission is highly beamed toward the surface of the star, so the
back column is the one dominating the emission. The same effect
can be seen on the average Stokes parameters in the left panels of
Figure 8. The right panels of Fig. 8 show the Stokes parameters in
case of only one column present: the results are quite similar to the
ones depicted in the right panels of Fig. 6, because the bulk of the
emission is coming from the top of the single column, where the
in-fall velocity of the electrons is close to half the speed of light.
2.6 Gravitational lensing
Because neutron stars are very compact, their strong gravitational
field affects the propagation of light around them, and general rel-
ativity needs to be included when calculating the photons’ path.
Because of the strong fields, the path of light is bent, and therefore
the image of the star results distorted at the observer: we can see the
front of the star but also part of the back, depending on how compact
the star is. Because of light bending, the angle between the magnetic
field and the photonmomentum at emission, which we call θ, is now
different from the phase, that from now on we will call φ, and from
MNRAS 000, 1–21 (2020)
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Figure 7. Phase pattern for intensity and polarisation fractions for two
columns without light bending. Upper panels: intensity I (arbitrary units).
Lower panels: linear polarisation fraction Q/I solid orange line, circular
polarisation fractionV/I solid blue line. Left panels: photon energy 1 keV;
right panels: photon energy 27 keV.
the angle between the vertical direction of the column (zˆ) and the
line of sight, that we will call ψ (see Fig. 9). The relation between
θ and ψ in general relativity is given by (Beloborodov 2002)
sin θ =
b
R
√
1 − Rg
R
(33)
ψ =
∫ ∞
R
−uψ
ur
dr =
∫ ∞
R
dr
r2
[
1
b2
− 1
r2
(
1 − Rg
r
)]−1/2
(34)
where Rg = 2GM∗/c2 is the gravitational radius of the neutron
star, b is the impact parameter and R is the distance of the emission
region from the centre of the star. In Beloborodov (2002), R is the
radius of the star, while, in the case of emission from a column, R
is the radius of the star plus z, the height along the column under
consideration. For the column in the front of the star, we have to
integrate between R = R∗+ z and infinity to get ψ. For the column in
the back, we need to be more careful. For each light ray, labelled by
the impact parameter b, we have to calculate the minimum distance
from the centre of the star of the light path, defined by eq. 33 when
sin θ = 1, and integrate from R = R∗ + z to the minimum distance
and then from the minimum distance to infinity.
Depending on the compactness of the star, it is possible to
see both sides of one column, from the front and from the back,
because of light bending. Thus, for each phase φ, we have to sum
the contributions from the front column at ψ = φ and at ψ = 2pi − φ
and from the back column at ψ = pi − φ and at ψ = pi + φ, making
sure of excluding the parts of the columns that are blocked by the
neutron star itself.
Furthermore, light bending and projection magnify the back
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Figure 8. Average Stokes parameters for the emission from the two columns (left) and only one column (right). The colour code represents the phase angle θ.
Figure 9. Light bending in the neutron star gravitational field. θ is the angle
between the vertical direction of the column (zˆ) and the photon momentum
at emission, ψ is the angle between zˆ and the line of sight , and φ is the
rotation phase of the star.
column by a factor
M = db
dz
b√
z2 sin2 ψ + r20
, (35)
where the added r0 accounts for the finite radius of the column. The
peak magnification, which is of the order the ratio of the radius of
the star and that of the column (about 100), is achieved when the
column is pointed directly away from the observer. The magnifica-
tion, coupled with the fact that relativistic beaming, enhances the
emission at high θ, means that most of the emission comes from the
back column. The huge magnification that we can see in Figures 10
and 11 at φ ∼ 0 and at φ ∼ pi hinges on the very particular geom-
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Figure 10. Phase pattern for intensity and polarisation fractions for 2 accre-
tion columns with light bending. Upper panels: intensity I . Lower panels:
linear polarisation fractionQ/I solid orange line, circular polarisation frac-
tion V/I solid blue line. Left panels: photon energy 1 keV; right panels:
photon energy 27 keV.
etry that we are considering: it requires the column to be pointing
directly away from us, creating an Einstein ring around the star.
The result of this effect is that very large pulsed fractions can be
achieved by this model, just by varying the geometry of the star.
In this particular geometry, the back column is magnified at φ ∼ 0
(and at φ ∼ pi), and the linear polarisation fraction at low angles is
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still high for low energies because it is dominated by the beamed
emission from the back column, for which θ is high. The right pan-
els of Fig. 11 show the Stokes parameters for the one-column case,
for which the magnification is achieved at φ = pi, when the only
column is pointing directly away from us.
An additional effect of general relativity is gravitational red-
shift: the energy of the photons is reduced as they travel out of the
potential well of the star. The effect is different at different heights
inside the column:
Eo = Ep
√
1 − 2GM∗
c2(R∗ + z)
(36)
where Ep is the energy of the photon at emission, Eo is the energy
at the observer and z is the height along the column. The x-axis in
Fig. 11 represents the energy at the observer.
2.7 Including the effect of vacuum birefringence
Before we can make a prediction for the polarisation parameters,
we need to include an additional effect that comes from quantum
electrodynamics (QED): vacuum birefringence. The presence of
a strong magnetic field can make a medium birefringent, which
means that the index of refraction in the medium depends on the
angle between the polarisation of the photon and the magnetic field.
In the case of the magnetised vacuum, the birefringence is caused
by the interaction of photons with virtual electron-positron pairs:
it is easier to excite virtual electrons along the direction parallel to
the magnetic field than perpendicular to it, and thus photons in the
ordinary mode travel slower than photons in the extraordinary mode
(Heisenberg & Euler 1936; Weisskopf 1936; Schwinger 1951).
The bulk of the accretion flow is confined to the accretion
column, so we have two regions to consider: within the column,
where the plasma density is high, and outside the column, where
the plasma density is low. We can estimate the density within the
column using the equation of continuity
nmppir20 v = ÛM . (37)
Because we consider that the radius of the column is constant and
no mass is lost from the column, the density must increase as the
velocity of the flow decreases down the column, so we will use the
density at the top of column to provide a lower bound on the density.
Using the parameters outlined in § 2.1 yields an electron number
density at the top of the column of 3 × 1022 cm−3. The results of
Gnedin et al. (1978) indicate that at this density, the vacuum domi-
nates the birefringence for photon energies above about 2 keV and
below the cyclotron energy. In the vicinity of this critical energy, or
vacuum resonance (see Caiazzo et al. 2019, and references therein),
the propagation modes through the magnetised plasma are approxi-
mately circular as opposed to approximately linear elsewhere. This
could result in a modest depolarisation of the radiation near this
energy, if a substantial depolarisation can occur between scattering
events. The typical scattering mean free path is about 50 cm at the
top of the column, and decreases at lower heights, and the depolar-
isation length-scale is about 4 cm for photons travelling along the
magnetic axis. Both of these values depend on angle, and therefore
most photons will suffer significant depolarisation between scatter-
ings and as they leave the column.
The effect is important only in a very narrow region in en-
ergy where the propagation modes are close to circular, centred
around the vacuum resonance and the cyclotron resonances. Since
the photon energy changes from scattering to scattering, this effect
matters only if the energy of the photon after its final scattering
within the column is very close to the resonance. We account for
the depolarisation of the radiation after the final scattering as
Q′QED = Q
′ cos 2θm. (38)
where Q′ is calculated in Eq. 28 and θm measures how circular
the propagation modes are and can be calculated using Eq. 12.29
of Caiazzo et al. (2019). Because the resonance lies at different
energies along the column, the net effect of the vacuum resonance
ismodest. This prescription also accounts for the circularly polarised
propagationmodes near the cyclotron resonance.We do not perform
a similar calculation for the circular polarisation, because as we
show in the following, QED birefringence outside of the column
suppresses the observed circular polarisation.
The left panel of Fig. 12 shows how the vacuum resonance
inside the column affects the polarisation spectrum of the radiation
as it comes out of the column if a constant density is assumed.
We can see that the plot is identical to the middle-right plot of
Fig. 4, with the exception of a narrow range of energies close to the
vacuum resonance at about 2 keV, where the polarisation fraction is
lowered. The shape of the resonance feature in polarisation depends
on angle as well, as the feature is narrower and shallower at higher
angles. The density in the accretion column is not constant though,
but increases as the gas sinks down the column. Since the feature
is so narrow, adding the contributions from the different layers of
the column washes out the feature and the only remaining effect is
a small depolarisation at energies above a minimum energy, which
corresponds to the energy of the vacuum resonance for the lowest
density at the top of the column. This can be seen in the right panel
of Fig. 12, where we show the linear polarisation fraction for the
emission at the observer, including the effects of relativistic beaming
and general relativity, for the one-columnmodel, and where we have
calculated the vacuum depolarisation assuming the density profile
of eq. 37. At high φ, the polarisation in the right panel of Fig. 12
is almost identical to the right central panel of Fig. 11, where QED
is neglected, while at very low φ (viewing angles nearly parallel to
the magnetic axis) we can see that the vacuum polarisation inside
the column causes a small depolarisation at photon energies above
about 2 keV.
Outside of the column the density of the plasma is assumed
to vanish, so the propagation modes are linear corresponding to
radiation polarised along and across the magnetic field. Because of
birefringence, as photons propagate in themagnetosphere of neutron
stars, their polarisation can still change even though the photons
are propagating in vacuum. In general, for neutron stars, the effect
of vacuum birefringence is to comb the polarisation direction to be
alignedwith the direction of themagnetic axis of the star and usually
increases the observed total polarisation, with the effect being more
dramatic the stronger the magnetic field (Heyl & Caiazzo 2018;
Caiazzo et al. 2019, and references therein). For radiation with a
circularly polarised component, or a component linearly polarised
at forty five degrees with respect to the magnetic field, the net effect
is to destroy the polarisation.
In the case of a thin accretion column, where the polarisation
is already aligned with the magnetic field axis, the effect of vacuum
birefringence in the propagation outside the column reduces to the
so-called Quasi-Tangential (QT) effect: as photons travel inside the
neutron star’s magnetosphere, the polarisation of X-ray photons
can change significantly when they cross the quasi-tangential point,
where the photon momentum is nearly aligned with the magnetic
field, and the net effect, when averaged over a finite emission area,
is to decrease the fraction of linear polarisation.
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Figure 11. Average Stokes parameters for the emission at the observer for two columns (left) and only one column (right) with light bending. These figures do
not yet include the effect of QED. The colour code represents the pulsar phase φ, and it goes from 0 to pi for the one-column case and from 0 to pi/2 for the
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Figure 12. Average linear polarisation fraction for the one-column case. The left panel represents the linear polarisation fraction for radiation coming out of
the column without the effects of relativistic beaming or general relativity (similar to the right central panel of Fig. 4), assuming only one value for the density
in calculating the vacuum resonance. The right panel shows the linear polarisation fraction for the emission at the observer, including the effects of relativistic
beaming and general relativity (similar to the right central panel of Fig. 11), and the vacuum resonance has been calculated using the density profile in eq. 37
Wang & Lai (2009) calculated the QT effect for radiation com-
ing from a hot-spot on the surface on the neutron star. For this
reason, they only considered emission from angles ψ < pi/2. In Ap-
pendix A, we expand their calculation to higher angles to accommo-
date our case. We find that, while the intensity is not affected by the
QT crossing, the linear and circular polarisation are. In particular,
the circular polarisation of each photon receives a random rotation,
and therefore the average circular polarisation of the emission is
completely destroyed. The linear polarisation, on the other hand,
is reduced by an amount that depends on where along the column
the light is emitted, on the rotational phase of the star and on the
energy of the photon. The effect on linear polarisation of the QT
crossing is shown in the left panels of Fig. 13 for the one-column
and the two-column cases, while the right panels include the effects
of vacuum birefringence both inside and outside the column. If we
compare the plots with the middle panels of Fig. 11, where QED
is not included, we can see that QT crossing is the predominant
QED effect, while the vacuum polarisation inside the column has
only a very moderate effect for very low phases in the one-column
model, when the column is pointing toward the observer. In the
two-column model, the column facing away from the observer is
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always the one contributing the most, and therefore the effect of
vacuum polarisation inside the column is negligible at all phases.
3 COMPARISONWITH PREVIOUS MODELS
The spirit of the model presented here is quite different from pre-
vious works (Meszaros et al. 1980; Nagel 1981a,b; Kaminker et al.
1982; Mészáros & Nagel 1985a,b; Kii et al. 1986; Kii 1987). Over
the past forty years since these models were developed, astronomers
have acquired a vast amount of data about X-ray pulsars, but still
no polarisation. We have built the model presented here to include
most of physical processes that influence the observed X-ray emis-
sion: spectral formation, special and general relativity and quantum-
electrodynamics. The focus has been to produce a model that can
characterise the observations in detail while simplifying some the-
oretical details such as radiative transfer. Our model is built upon
the B&W picture for the formation of the spectra of X-ray pul-
sars and lacks the detailed radiative transfer of these earlier models,
whereas the earlier models lack the details of the macroscopic struc-
ture and dynamics of the emission region and the propagation of the
radiation to the observer, including general relativity and quantum-
electrodynamics. These new ingredients strongly affect the emission
that we observe, as can bee seen from Fig. 6 onward.
By design, ourmodel accounts for the phase-averaged emission
from X-ray pulsars through the B&W model, whereas the earlier
models do not fit the spectroscopic observations of X-ray pulsars
from 0.5 to 50 keV. Thus, in our comparison, we will focus on how
the emission varies as a function of angle, energy and polarisation
in the different models. The earlier models calculate the emission
from a small, uniform region with a slab or cylindrical geometry,
so we will compare the results for a small region of our model, a
single layer of the accretion column, which has a similar cylindri-
cal geometry. Our results for the emission from a single layer are
depicted in the right panel Fig. 4 and in Fig. 5 before including
the relativistic beaming (blue curves). In particular, far from the
cyclotron resonance, the intensity varies approximately as sin2 θ
yielding modest variability. Similar results were found by Mészáros
&Nagel (1985b), Kaminker et al. (1982) and Kii et al. (1986) for the
cylinder model. The only configurations in the context of these ear-
lier models that yielded a strong pulsation were the so-called deep
slabs, where a substantial intensity is beamed along the magnetic
field direction, and only the deep slabs could hope to reproduce the
large pulse fractions observed in X-ray pulsars such as Her X-1.
Turning to the polarisation parameters, in our models, in the
direction perpendicular to the magnetic field (see Fig.4), the polar-
isation fraction is about eighty percent O-mode at low energy and
changes rapidly at about 20 keV to be about eighty percent X-mode
at higher energies except near to the cyclotron energy. At shallower
angles with respect to the magnetic field, the transition as a function
of energy is more gradual but both the polarised fractions at low
and high energies approach eighty percent in O and X-mode respec-
tively. The deep column model of Mészáros & Nagel (1985b), with
a cyclotron energy of 38 keV and electron temperature of 8 keV
exhibits a similar polarisation trend, except that the net polarisation
vanishes at low energies (below 2 keV), and the total polarised flux
peaks at fifty-five percent at about 6 keV. The model presented by
Kii et al. (1986) following the slab configuration of Nagel (1981a)
exhibits a similar intensity profile as a function of viewing angle
to our models, even exhibiting the flat-top peak at higher energies
shown in the right panel of Fig. 5. This model has strong polari-
sation even at low energies and switches modes at about 5 keV, a
lower energy than our model, in spite of the fact that they assumed
a cyclotron energy of 100 keV. As the radiation leaves the column,
we also find broad agreement with the results of Kaminker et al.
(1982) for the beaming and the extent of polarisation as a function
of energy and angle.
The main difference between the model presented here for the
radiation emerging from a layer in the column and the earlier models
is the extent of pulsation of the emission near the cyclotron energy.
Broadly speaking, the earliermodels exhibit stronger dependence on
emission angle near the cyclotron feature that we see in our model.
Away from the cyclotron feature, the results are similar. Once the ra-
diation leaves the column, however, the earlier models propagate the
radiation to the observer only considering the geometry of the pul-
sar, so the translation between the properties of the radiation at the
column and infinity is simply geometric. Here, we consider several
additional effects that have important consequences: the scattering
electrons are moving relativistically at the top of the column and
slow down at lower layers; the density is not constant, but increases
down the column; the paths of photons leaving the column are bent
by the gravitational field of the neutron star and their energy is
gravitationally redshifted; the effect of vacuum birefringence as the
photon propagates outside the column is also important. We will
discuss each effect and the final results in the following section.
4 SUMMARY AND DISCUSSION
The production of polarised radiation in the column is dominated
by the strong magnetic field, but other effects have to be taken into
account to calculate the observed polarisation: relativistic beaming,
gravitational lensing and QED. We here summarise how the dif-
ferent physics affect the polarisation and pulse fraction seen at the
observer.
The very high average number of scatterings per photon (&
250, 000) that is predicted by the B&W model leads to an average
polarisation state inside the column that is determined uniquely by
the energy of the photon and by the strength of the magnetic field,
and that is independent of the initial polarisation of the photon
(Fig. 4, left panels). At low energies (far from the cyclotron energy)
the average photon inside the column is nearly 100%polarised in the
ordinary mode, except for photons propagating in a direction almost
parallel to the magnetic field (θ = 0). In the direction parallel to
the magnetic field (and to the column axis) the flux is drastically
lowered, as the intensity peaks in the direction perpendicular to the
column walls (θ = pi/2). Close to the cyclotron energy, there is an
inversion in the polarisation direction (so that the linear polarisation
fraction goes through a zero), and at the cyclotron energy photons
are mostly polarised in the extraordinary mode. At low angles,
close to the cyclotron energy, circular polarisation is predominant,
as photons travelling parallel to the magnetic field can resonantly
scatter off electrons, that receive enough energy to jump to the
second Landau level. The circular polarisation fraction decreases
with θ.
As photons escape the column, the difference in scattering
cross section between photons polarised in the different modes
changes the picture (Fig. 4, right panels). At low energies, the scat-
tering cross sections for light polarised in the O- or in the X-mode
differ by several orders of magnitude (except for photons propa-
gating parallel to the magnetic field, for which they are equal, see
Fig. 3). For this reason, photons in the extraordinary mode can es-
cape freely, while photons in the ordinary mode are trapped. This
difference causes the linear polarisation degree to drop from about
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Figure 13. Average linear polarisation fraction at the observer with only the QT effect included (left) and with full QED (right). The upper panels depict the
one column case and the lower panels the two column case. The colour code represents the pulsar phase φ, and it goes from 0 to pi for the one column case and
from 0 to pi/2 for the two columns case.
100% at low energies to about 80%. The increase of all the cross
sections close to the cyclotron energy also reduces the emission
at high energy (the relative intensity drops sharply above 20 keV).
Please note that, as we are only calculating the effect of scattering
on the Stokes vector and not solving the radiative transfer equation,
the intensity shown in the figures is a relative intensity, which needs
to be normalised as a function of energy against a phase-averaged
spectrum.
The right plots of Fig. 4 show the polarisation parameters of
photons coming out of the column in the frame of the accreting gas.
In order to calculate the parameters in the frame of the observer, the
effects of relativistic aberration and beaming need to be included,
especially for photons emitted at the top of the accretion column, be-
cause the electrons in the gas have a bulk downward speed that is as
high as half the speed of light at the top of the column and decreases
as the gas approaches the stellar surface. The radiation scattered by
relativistic electrons is strongly beamed downward (Fig. 5) and the
features described in the previous paragraph are shifted in energy
by an amount that increases with the emission angle, (see Fig. 6 for
an electron velocity of ∼ 0.4 c). The amount of relativistic beaming
depends on the velocity of the electrons and therefore changes along
the column. Fig.s 7 and 8 show the effect of beaming when sum-
ming over the entire column and considering one or two accretion
columns.
Another important factor that changes drastically what we ex-
pect to see at the observer is general relativity. Gravitational lensing
bends the path of light and distorts the image of the star, while grav-
itational redshift lowers the energy of the photons as they leave the
potential well of the neutron star. An important consequence is that
part of the back of the star’s surface becomes visible, and that the
accretion column is visible also when it is in pointing away from
us, even close to φ ∼ 0, pi. If the height of the column is ∼ 7 km,
as predicted by the B&W model, at least part of the column is seen
at all phases, and when it is exactly in the opposite direction with
respect to the line of sight (φ = 0, pi), gravitational lensing gener-
ates a huge magnification, as it projects the column in an Einstein
ring around the star (see Fig. 10). Of course, if the back column
is not perfectly aligned with the line of sight, the effect is reduced,
and therefore, depending on the geometry of the system, very large
pulse fractions can be achieved.
The final effect to be considered is the effect of QED, and
specifically the effect of vacuum birefringence. Inside the column,
the main effect is a depolarisation around the narrow feature at the
vacuum resonance, whose energy depends on the density of the gas.
In ourmodel, the columnhas a range of densities starting at the top of
about 3×1022 cm−3, a factor of ten lower than typically considered
in earlier models, and increasing down the column. This changing
density serves to dilute the vacuum resonance feature as discussed in
§ 2.7, so instead of seeing a sharp dip in polarisation at the vacuum
resonance, there is a slight decrease in the extent of polarisation for
viewing angles approximately along the magnetic field direction.
Because the bulk of the radiation emerges perpendicular to the field
direction, this decrement does not have a significant effect on the
observed polarisation. An additional, and more pronounced effect
is caused by the polarisation of the magnetised vacuum in which the
photons travel after they have left the column, and specifically by
the quasi-tangential effect: when a photon crosses a region where
its momentum is nearly aligned with the local magnetic field (the
QT region), the polarisation direction of the photon can rotate. The
overall effect is a reduction of the linear polarisation fraction and
a complete destruction of the circular polarisation. The final linear
polarisation fraction for the 1 and 2 columns possibilities is shown
in Fig. 13.
In Figs. 14, 15 and 16 we analyse how the predicted polari-
sation parameters at the observer vary with phase and energy. As
in the perfectly orthogonal rotator geometry the accretion column
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points directly away from the observer, and the magnification of
the column by gravitational lensing is huge, we choose to show a
slightly different geometry because showing the orthogonal rotator
would make interpreting the results difficult and also would repre-
sent an unlikely situation. In the figures, the the rotation axis lies
in the plane of the sky (the angle α between the line of sight and
the rotation axis is 90◦, see Appendix B) and the angle between
the rotation axis and the magnetic field (β in Appendix B) is 80◦.
We present four different configurations: emission from one or two
symmetrically located columns for a short column (1.4 km, with an
adiabatic shock at the top) or a tall column (6.6 km, as predicted
by the B&W model). For the short column, the effects of relativ-
ity (special and general) are less pronounced. First, the velocity of
the flow at the top of column is reduced by a factor of seven from
about half of the speed of light to less than one tenth. Furthermore,
because the column is short, it is more difficult to see it when it
is pointing away from the observer, which is when the effects of
gravitational lensing are the most dramatic. A comparison of the
second and fourth row of Fig. 14 highlights the relativistic effects.
The pulse is much sharper and more compact for the taller column
where both special and general relativity aremore important. For the
tall column at 20 keV, the radiation in the pulse is mainly polarised
in the O-mode similar to the situation at lower energies. For the
short column, at the same observed energy, the radiation is mainly
in the X-mode at 20 keV. For the short column, the gravitational
redshift is larger and the Doppler boost is smaller, so an observed
energy of 20 keV corresponds to a higher energy in the frame of the
flow than in the case of the tall column.
Turning to Fig. 15 we see that the extent of polarisation in the
observed energy range of one to ten keV is between sixty and eighty
percent in the pulse where the bulk of the emission from the column
arrives. The direction of polarisation swings through the pulse. In
this particular geometry, the swing is nearly ninety degrees.In Paper
II we will use the observations of Her X-1 to choose the most
appropriate geometry for this particular source. For other pulsars,
an examination of the pulse profile as a function of energy can
be used to determine the likely geometries and make predictions
of the observed polarisation. In general, the observed emission is
more pulsed at higher energies and the two-column configurations
are less pulsed than the single-column configurations; however, the
geometry of the particular system will play a strong role in this as
well. Both Fig. 14 and Fig. 15 include all the effects discussed in
the paper, while the orange dash-and-dotted lines of Fig. 16 show
the polarisation fraction predicted when we do not include QED.
The effect of QED, which is almost only caused by the QT effect,
reduces the observed polarisation outside of the main pulse.
So far we have discussed only the emission from the accretion
column which clearly dominates the emission at certain phases of
the rotation. The column is not the only place on the star where
we expect emission, and, furthermore, we expect emission from
the accretion disc itself. For the latter we encourage the reader to
consult the literature (e.g. Chandrasekhar 1960; Davis et al. 2009;
Schnittman & Krolik 2009, 2010; Caiazzo & Heyl 2018, and refer-
ences therein) for details about the expected polarisation from the
disc. Generally speaking, for an edge-on configuration, the polari-
sation fraction peaks at about eleven percent with the polarisation
direction parallel to the plane of the disc. At the rotation phases
in which the emission from the disc is important compared to the
emission from the star, it will therefore dilute the observed polari-
sation from the values shown in Fig. 15. Much of the disk emission
is expected to be constant in rotational phase; however, radiation
may be scattered off the disc from the accretion column for certain
geometries. In this case, we would expect the scattered radiation
to be polarised in the same direction as the pulse for a scattered
component close in phase to the pulse and polarised perpendicular
to the disk for scattered components far from the pulse. The details
will depend on the geometry of the pulsar and the accretion disc
itself.
A second important contribution to the emission will come
from the rest of the surface of the neutron star. As we have shown,
the radiation from the accretion column is beamed downward by
special relativity and pulled toward the stellar surface by gravity so
we expect a substantial portion of the surface to be illuminated by
the column. For the taller column, this portion is larger. Mészáros &
Nagel (1985b) examined a hot (7 keV), low-density slab illuminated
by low energy photons (less than 1 keV). The outgoing emission
is strongly polarised in the O-mode up to 10 keV and essentially
unpolarised above that energy until the cyclotron energy of 38 keV,
where it becomes mildly polarised in the X-mode. In this case, the
illuminating photons are boosted in energy through Comptonisation
off of the slab. There is also the possibility of the opposite limit to be
true, where the illuminating photons are absorbed and heat the slab.
In this case, the emission is essentially the same as from an atmo-
sphere heated from below, so we expect the opposite trend: strong
polarisation in the X-mode at low energies, decreasing toward the
cyclotron energy (see Caiazzo et al. 2019, and references therein).
Thus, polarisation will yield a key diagnostic. Evidence that would
hint for one situation over the other comes from the typical energy
of the reprocessed radiation. If it is similar to or larger than for the
radiation in the pulse, it means that the radiation has been Comp-
tonised and we expect the polarisation to be in the O-mode below
10 keV. If the reprocessed radiation is softer than the pulse, we
expect a X-mode polarisation below 10 keV. Of course, the details
of this effect will be different from source to source, and we will
discuss the particular case of Her X-1 in further detail in Paper II.
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Figure 14. Polarisation parameters as a function of phase and energy for four different models: (a) two-column, zmax = 6.6 km, (b) one-column, zmax = 6.6 km,
(c) two-column, zmax = 1.4 km, (d) one-column, zmax = 1.4 km. The angle between the line of sight and the rotation axis of the neutron star is α = 90◦ and
the angle between the rotation axis and the magnetic field is β = 80◦ (see Appendix B). Black solid line: relative intensity I ; blue dashed line: intensity in the
O-mode, orange dash-and-dotted line: intensity in the X-mode. From left to right, photon energy at the observer: 1 keV, 10 keV, 20 keV, 30 keV.
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Figure 15. Polarisation parameters as a function of phase and energy for four different models: (a) two-column, zmax = 6.6 km, (b) one-column, zmax = 6.6 km,
(c) two-column, zmax = 1.4 km, (d) one-column, zmax = 1.4 km. The angle between the line of sight and the rotation axis of the neutron star is α = 90◦ and
the angle between the rotation axis and the magnetic field is β = 80◦ (see Appendix B). Black solid line: relative intensity I ; red dashed line and left y-axis:
polarisation fraction, green dash-and-dotted line and right y-axis: polarisation degree. From left to right, photon energy at the observer: 1 keV, 10 keV, 20 keV,
30 keV.
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Figure 16. Comparison of the predicted polarisation fraction including and without QED for four different models: (a) two-column, zmax = 6.6 km, (b)
one-column, zmax = 6.6 km, (c) two-column, zmax = 1.4 km, (d) one-column, zmax = 1.4 km. The angle between the line of sight and the rotation axis of
the neutron star is α = 90◦ and the angle between the rotation axis and the magnetic field is β = 80◦ (see Appendix B). Black solid line: relative intensity
I ; blue dashed: polarisation fraction including QED; orange dash-and-dotted line: polarisation fraction without QED. From left to right, photon energy at the
observer: 1 keV, 10 keV, 20 keV, 30 keV.
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APPENDIX A: THE QUASI-TANGENTIAL EFFECT
We here expand the treatment of Wang & Lai (2009) of the quasi-
tangential (QT) effect to apply it to our case. Not all light rays go
through a real tangential point, where the photon wavevector k is
perfectly aligned with the local magnetic field direction; however,
there is always a point in the photon path, called QT point, where the
angle between k and B, θB , reaches a minimum. The magnetic field
around the QT point can be expressed, without loss of generality,
as
BX =
B
R s, BY = εB (A1)
in the fixed XYZ frame where Zˆ ‖ kˆ. Here, R is the curvature
radius of the projected magnetic field line in the X − Z plane and
s measures the distance from the QT point along the Z− axis. At
the QT point, s = 0 and ε = sin θB . Depending on the strength
of the vacuum birefringence at the QT point, the outcome for the
polarisation of the photon crossing the point can be different.
As the photon propagates in the neutron star’s magnetosphere,
whenever the vacuum birefringence dominates, the photon polari-
sation modes are decoupled and evolve independently following the
local magnetic field lines (see Caiazzo et al. 2019, and references
therein). Wang & Lai (2009) introduced a condition which states
that the photon modes are decoupled if Γad  1 (eq. 2.12 in Wang
& Lai 2009), where they call Γad the adiabaticity parameter. The
value of Γad at the QT point is given by (eq. 3.22 in Wang & Lai
2009)
Γt ' 1.0 × 108E1B213ε3R1 (A2)
where E1 = Ep/(1 keV) is the photon energy at the QT point
(and therefore it is lower than the energy at emission because of
gravitational redshift), B13 = B/(1013 G) is the magnetic field at
the QT point and R1 = R/(10 km). Wang & Lai (2009) show
that in both limiting cases of adiabatic (Γt  1) and non-adiabatic
(Γt  1) propagation, the polarisation direction is unchanged when
the photon traverses the QT point. The only interesting effect is for
the intermediate case, Γt ∼ 1. In this latter case, even if a photon
is in a pure mode prior to QT crossing, it will come out of the QT
region in a mixture of the two modes.
In the same paper, Wang & Lai (2009) give a prescription to
account for the QT effect in case of a dipolar field. In particular,
they calculate the effect on the emission coming from the polar cap.
They find that the region in which the QT effect is important is the
region where Γt . 3 and the width of this region can be expressed
as (eq. 4.32 in Wang & Lai 2009)
Wt ' 2.7 × 10−2(B2∗13E1)−1/3 f (ψ)R∗ (A3)
where B∗ is themagnetic field at the pole and f (ψ) is a dimensionless
function of the angle between themagnetic axis and the line of sight,
which they call θµi and we call ψ in this paper (see Fig. 9). Once the
width of the QT effective region has been calculated, the linearly
polarised radiation flux (F¯Q) can be obtained from the ratio between
the width of the QT effective region (Wt ) and the emission region
(Wem); the numerical result, taken from Figure 11 of Wang & Lai
(2009), is shown in the upper panel of Figure A1, where FQ is the
flux of linearly polarised radiation prior to passing the QT region.
In Wang & Lai (2009), the authors are only interested in ψ <
90◦, while in the case of an accretion column, ψ can be higher than
that. For this reason, we have calculated f (ψ) for all angles. First,
we define rqt as the distance from the centre of the star to the QT
point. We indicate with δ the angle between the magnetic axis and
rqt, and since the magnetic field is dipolar, the relation between δ
and ψ is given by
cos2(ψ − δ) = 4 cos
2 δ
3 cos2 δ + 1
(A4)
The relation between the impact parameter b and rqt is given by
rqt sin(ψ − δ) = b = (R∗ + z) sinψ (A5)
where z is the height above the star of the part of the column that
we are considering. This yields
rqt =
(R∗ + z) sinψ
sin(ψ − δ) . (A6)
We can write the dipolar field as (eq. 4.28 of Wang & Lai 2009)
B = − µ
r3qt
+
3rqt
r5qt
(µ · rqt) (A7)
where r is the distance from the centre of the star, and since at the
QT point µy = 0
By =
3yqt
r5qt
µrqt . cos δ (A8)
The field strength at the QT point is related to the field strength at
the pole by the relation
B = B∗
(
R∗
rqt
)3 ( 3 cos2 δ + 1
4
)1/2
, and B∗ =
2µ
r3qt
(A9)
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Figure A1. Upper panel: the depolarisation effect of QT propagation on
linear polarisation; Wt is the width of the QT effective region, Wem is
the width of the emission region and FQ (F¯Q ) is the polarised radiation
flux before (after) traversing the QT region. Same as Figure 11 in Wang &
Lai (2009). The vertical beige lines highlight the region where the effect
is strongest, and the red vertical line pinpoints the peak of the effect, at
Wt /Wem ∼ 1.82. Lower panel: the function f (ψ), which in Wang & Lai
(2009) is called f (θµi ).
which yields
ε =
By
B
=
3yqt
rqt
cos δ
(3 cos2 δ + 1)1/2 (A10)
From ε, we can find the width of the QT region to be
Wt
R∗
=
2yqt
R∗
= ε
2rqt
3R∗
(3 cos2 δ + 1)1/2
cos δ
. (A11)
From eq. A2, we can determine the value of ε for which Γt . 3:
(Γt = 3) = (3 × 10−8)1/3 ∗ (E1B213R1)−1/3 . (A12)
We still need the radius of curvatureR, which, for a dipolarmagnetic
field, reads
R = rqt
3
(3 cos2 δ + 1)3/2
| sin δ |(cos2 δ + 1) . (A13)
We finally have all the ingredients to find f (ψ) of eq. A3
f (ψ) = 7.7×10−2
(
rqt
R∗
)8/3 ( 10 km
R∗
)1/3 ( 12| sin δ |(cos2 δ + 1)
cos3 δ(3 cos2 δ + 1)
)1/3
(A14)
where the relation between ψ and δ is given in eq. A4. This result is
shown in the lower panel of Figure A1 and it reproduces the function
f (θµi ) shown in Figure 10 ofWang&Lai (2009) forψ = θµi < 90◦,
but it extends it to higher angles.
Following this approach, we can calculate the QT effect from
the ratio Wt/Wem for the radiation coming from the column(s),
where Wt is the width of the region in which the QT effect is
important, given by eq. A3 and Wem is the width of the emission
region. The strength of the effect depends on how far from the star
the light ray crosses the QT region, as the magnetic field scales
as the distance from the star to the power of −3. For this reason,
Wt/Wem depends on both the z coordinate along the column of the
emitting region and on the position of the column with respect to
the line of sight (which for one column is simply indicated by φ).
Additionally,Wt/Wem decreases with energy to the power of −1/3
(eq. A3).
These dependencies are shown in Figure A2. On both panels,
the x axis represents the phase φ and the y axis is Wt/Wem. The
horizontal lines are the same as the vertical lines in Figure A1:
the beige lines delimit the region where the QT effect is important
and the red line indicates the value at which it is the strongest. In
the left panel, radiation is coming from a region of the column at
z = 0.4 zmax and the different colours depict photons of different
energies; we can see the dependence on energy, with higher energies
beingmore affected by theQTpropagation effect. On the right panel,
photons have the same energy, 30 keV, but come from different
altitudes along the column, with yellow lines representing photons
coming from the top of the column, and blue lines coming from the
bottom. The lower parts of the column are more affected by the QT
effect, but are blocked by the star at high φ (in the plot, it is shown
byWt/Wem dropping abruptly to zero).
The effect of QT crossing on the linear polarisation of radia-
tion coming from the accretion column is therefore a reduction of
the total linear polarisation fraction that depends on the energy of
the photon and on the location along the column of the photon’s
emission region. The circular polarisation of each photon receives
instead a random rotation, and therefore the average circular po-
larisation of the emission is completely destroyed by the vacuum
birefringence.
APPENDIX B: CHANGING THE GEOMETRY
From the orthogonal rotator geometry, it is straightforward to derive
the emission properties in other geometries. The important angles
are illustrated in Fig. B1. We have indicated the rotation axis Ωˆ in
green, the magnetic axis in in blue and the line of sight in orange.
The angle between the line of sight and the rotation axis α and
the angle between the rotation axis and the magnetic axis β remain
constant as the star rotates. The angle between the line of sight and
the magnetic field is what we call φ in the paper. Additionally, the
angle between the magnetic axis and the rotation axis projected in
the plane of the sky, ζ , determines the polarisation angle.
The geometry of interest is specified by the angles α and β.
Using the rule of cosines on the sphere, we can derive φ as a function
of the phase Ωt:
cos φ = cosα cos β + sinα sin β cosΩt . (B1)
For the polarisation angle, a positiveQ corresponds to linear polari-
sation in the direction of the magnetic field in the sky, and therefore
at an angle ζ with respect to the projection of the rotation axis on
the sky. The polarisation angle in the specific geometry identified
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Figure A2. Both panels showWt /Wem versus φ. The horizontal lines are the same as the vertical lines in Figure A1: the beige lines delimit the region where
the QT effect is strong and the red line indicates the value at which it is the strongest. Left panel: photons are coming from z = 0.4zmax = 2.6 km above
the stellar surface; the different colours represent different photon energies. Right panel: the photon energy is 30 keV; the different colours represent different
position in the column, z, of the emitting region.
Figure B1. Generic geometry identified by the angle α between the line of
sight (in orange) and the rotation axis (in green) and the angle β between
the rotation axis and the magnetic axis (in blue). The angle φ between the
line of sight and the magnetic axis is the same as in Fig. 9. The angle ζ (in
red) between the magnetic axis and the rotation axis projected in the plane
of the sky determines the polarisation angle.
by the angles α and β can be found as:
sin ζ =
sin β sinΩt
sin φ
=
sin β sinΩt
[1 − (cosα cos β + sinα sin β cosΩt)2]1/2 .
(B2)
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